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Study Material

Syllabus: Module 3: Fourier Series and Laplace Transforms: Dirichlet’s conditions, Fourier
series including half range and its applications to find the sum of infinite series; Laplace
Transforms: Definition, Necessary and sufficient conditions for the existence of Laplace
transform, initial and final value theorems, Laplace transform of derivatives and integrals,
Unit step function, Dirac-delta function, Laplace transform of Periodic function, Inverse
Laplace Transform, Convolution theorem (without proof) and application to solve linear and
nonlinear ODE.

Dirichlet's Conditions: For f(x) to be expandable in a Fourier series over (—m, 1), it
must satisfy:

1. f(x) is single-valued and bounded.
2. It has a finite number of maxima, minima, and discontinuities.
3. f(x + 2m) = f(x) outside [—t, m].

At continuous points, the series converges to f(x). At points of discontinuity, it
converges to:

[f(x + 0) + f(x — 0)]

N =

Advantages of Fourier Series: Discontinuous functions can be represented (unlike
Taylor series).

« Useful for expanding functions periodic only outside a closed interval.
» Expands oscillating functions into all oscillation modes.

« Term-by-term integration is generally valid.



Useful Integrals:

2z 2 2z
(1 _[Sin nxdx =0 (i) J'Cosnxdx:o (iii) J.Sin2 nxdx =z (iv)
0 0 0
2z 2z
J.Cosz nxdx = 7 (V) ISin nxSin mxdx =0
0 0

2z 2z
(vi) I Cosnx.Cosmxdx =0 (Vii) I Sinnx.Cos mxdx =0
0 0

2z
(viii) ISin nx.Cosnxdx=0 (iX) Sinnz=0 (x) Cosnz=(-1)" where nel
0

(xi) IUV:uvl—u'v2+u"v3—u Vi F oo,

v, :Ivdx, v, :Ivldx

Periodic Functions: A function f(t) is periodic if its value repeats at equal intervals on
the horizontal axis:

f(t) =f(t+T) =f(t+ 2T) = -
Here, T is the period of f(t). For example, sinx = sin(x + 2m) = sin(x + 4m), S0 sin x
IS periodic with period 2.

Fourier Series: A non-sinusoidal periodic function can be expanded into a series of
sines and cosines:

a
f(x) =?0+a1cosx+a2c052x+---+blsinx+bzsin2x+---

In summation notation:

a
f(x) =70+Zancosnx+2bnsinnx
n=1 n=1

e a,: Constant term (d.c. component in electrical systems)
e a,, b;: Fundamental frequency components

e a,,b,: Harmonics and Fourier coefficients



Determination of Fourier Coefficients (Euler's Formula) :

f(x)=%+a1Cosx+a2Cost+a3C053x+ .............. +a, Cosnx+......
+b, Sinx+b, SIN2X+.............. +b, Sinnx+........ @
(1) To find ao : Integrate both side of (1) fromx=0to x = 2%

2 2z 2z 27
j f(x)dx:%jdx+alfCosxdx+a2jC052xdx+ ..............
0 0 0 0
27 2z 2z
+a, J Cosnxdx+b1j Sin xdx+b2.[5in 2XAX + o
0 0 0

2z
+b, j Sinnxdx +........
0

27
:% I dx other integrals 0 by formula (1) and (2)

0

a
:—OX7Z'

= a7
1 2z
50 8, == [ f(x)dx
7 0
(2) To find an : Multiply each side of (1) by Cos nx and integrate from x =0 to 2z

2z

2z 27
_[ f (x) Cosnxdx = % I Cosnxdx +a, j Cos xCosnxdX +..............
0 0 0

27 2z 27
+a, I Cos’ nxdx+le‘ Sin xCosnxdx +h, I Sin2xCosnXdX +...............
0 0 0
2z
=a, I Cos® nxdx = a other integrals = 0 by sd. formula
0

2z
SO a, = L I f (x) Cos nxdx
4 0

(3) To find bn : Multiply each side of (1) by Cos nx and integrate from x =0 to 2x

2z

2z 2
j f (x)Sinnxdx = % j Sin nxdx + al_[ CosxSinnxdx +..............
0 0 0

2z 27 2z
+a, J‘ CosnxSinnxdx +b, I Sin xSin nxdx +b, I Sin2xSin NXdX +.......coeeee.
0 0 0

2z 2z
=b, f Sin? nxdx = b, J. Sin® nxdx = b,z by sd. formula
0 0



S bn=1
T

2r
[ f(0sinnxdx
0

Problem: Find the Fourier Series representation of f(x) = x, 0 <x <2z
Solution : Let f(x) :%+a1Cosx+a2 COS2X +.evueee. +b, Sinx+b, Sin2x+.........

127r
Hence =a,= |
T 0

27 2 2r
f(x)dx:ij-xdx:i[x—} —2x
Ty | 2

0

2z 2z
a, :1 J. f (x) Cos nxdx :1 I x Cos nxdx
T 0 T 0

1] Sinx (—Cosnxﬂz’r
L VST f i
T

L n n 0
1 CosZnﬁ_%}zzi(l_l)zo
x| n n’| n°z

1 2z 1 2z
b, :—I f (X)Sinnxdx == I X Sin nxdx
T 0 T 0

1] ( Cosxj (—Sinnxﬂz’r
=2l x/ - il
vl n n .

_ 1_—27zC052n7r} _ 2
7l n n
Substituting the values of a,,a,,a,.......... b,b,....... in (1) we have

Problem : Giventhat f(x)=x+x* for —z<x<z, find the Fourier expression of f(x).

2
Deduce that %=1+i+ L +i+ ..............

AT

Solution : Let x+x* :%+a1Cosx—a2 Cos2x+

b d b d 2 371"
a, =%j f(x)dx=% [ (x+x2)dx:%{%+%}

2 3 2 3

T 3

T

1{7[2 Pl 7[1_2_7:2

aO:%.[ f(x)Cosnxdx=% _[ (x+ x?) Cos nxdx



:1_(X+X2)Sir:]nx_(2 1)( Crc:snxj (2)( Slnnxﬂ

1 (27 +1) Cosnx_(2 )Cos(;nn)}zipﬂ Cosznn}:4(—21)
Al n? n T n n
17% . 1% e
b, :—j f(x)Sin nxdx=—f(x+x ) Sin nxdx
T T
1 (X+X2)(_Cosnxj_(2 1)( Slnnx}rzCossnx}
al n n n® |
1 ) Cosnz 5 Cos3m+(—7z+7z2) Cosnz 5 COS3n7Z}
| n n n n
_1 —2—”Cosn7z}=—g(—l)“
zl N n
Substituting the values of a,, a,,, b, in (1) we get:
+2—n2+4[ - cos2x— = cos3x + - ]
X+x° = COSX + =5 COS 2X — 75 COS 3X
: 1 1
—2[—51nx+§sm2x—§sm3x+---] .. (2)
Putx = min (2), T+ % = —+4[1+ R R NG
Putx = —min (2), —m + 7% = —+4[1+ totote | @)
Adding (3) and (4):
, 2m 1 1
2T =—+8[1+—+?+E+ ]
41 1 1
——8[1+ sttt ]
©_ 1,11 N1
6 22 32 42 1n2
n:
Problem: Find the Fourier series for the periodic function:
0, m<x<0
f(X)_{x, 0<x<T
f(x + 2m) = f(x)
Solution. Let f(x) = az—o+ a;cosx+a,cos2x+ -+ bysinx+b,sin2x+ -+ (1)



1 (° 1 (™ 1[x3]" 1/n?\ ™
aO=EJ O'dX+EdeX=E? =E7 ZE
-1 0 0

1 (™ 1 sinn x cosnxy"
a, =— | xcosnxdx=—|x- - (-

n n2

1[(-=D* 1 2 ) .
= — ——|=——— whennisodd =0 whenniseven.

m| n? n2 n2m

1 (™ 1 cosnx sinnx\1" 1 —1)"

bn=—J xsinnxdx=—[x(— )—(1)(— > )] =—[—T[( )]
mJ, 0 n n o T n
="
N n

Substituting the values of ay, a;,a, ... by, by, ... In (1), we get:

T 2[cosX coS3xX cos5x sinx sin2x sin3x
] 1 2 3 +”}

f(x) =—— =
=271t * =

Discontinuous Functions:
At a point of discontinuity, Fourier series gives the value of f(x) as the arithmetic mean
of left and right limits.

At the point of discontinuity, x = c

Atx = ¢ f(x) = %[f(c —0) + f(c + 0)]

Problem: Find the Fourier series for f(x), if f(x) = {_X“ _0“<<XX<<1T0

2
Deduce that — + — + — 4 - = =
1232 5 8
Solution. Let f(x)=az—°+a1cosx+a2c032X+---+ancosnx+---+blsinx+

b,sin2x+ -+ b,sinnx+-- ..(1)

a, =Efnf(x)dx

—T

Then a, = %U_n(—ﬂ) dx + fonx dX] = %[—n(x)‘l1T + (x%2/2)7] = %(—nz + m?/2)

1 TC
a, =— | f(x)cosnxdx
TJ _n



TT
XCcosnx dx]

1 0
ap =EU (—n)cosnxdx+.[
- 0

1 sinnx\° xsinnx cosnx\"
=5 )
™ n J/_g n n? /,
1 1 1 1
=—[0+—cosnn——]=—(cosnn—1)
i1 n2 n2 Tn?

1 T
bn=—f f(x) sinnxdx
T —Tt

1 0
bn=—U (—T[)sinnxdx+]
T —TC 0

1| /mcosnxy© cosnx sinnx\"
ooy (s sy
n - n n? /,

T
X sin nx dx]

1m m 1
=—[—(1—cosnn)——cosnn] =—(1—2cosnm)
mln n n

m™ 2 cos3xX cos5x _ sin2x 3sin3x
f(x)——z—;(cosx+ 32 + =2 +-~)+351nx— > + 3
sin 4 x
— (2
— @
. . T 2 1 1
Putting x = 0 in (2), we get f(0) = _Z_E(l totogt oo) ..(3)

Now f(x) is discontinuous at x = 0.

Butf(0—0) = —mandf(0+0)=0 . f(0) = %[f(O —0)+f(0+0)] =—-m/2

T TC 211 1 1
Fr0m(3),—;=—z—; 1—2+3—2+5—2+"']

2

1 1 1
FERETRE R

Problem: Find the Fourier series expansion of the periodic function of period 2m,

defined by

() =x if —m<x<— f(x)= L
X) =% 1 2XZ, X—T[X,12X2

Solution. Let f(x) = az_o +a;cosx+a,cos2x+ -+ b;sinx+b,sin2x+ -

1 /2 1 3m/2 1 [(x>? /2 1 x?2 3m/2
aoz—f xdx+—f (m—x)dx=—|— +—(mx——
T _n/2 T Jr/2 m\2/ T 2

1 e 1t +1 32 92 T[2+T[2 B (3 9 1+1
“n\s 8/) T n\2 TTg 27§/ 8



1 /2 3m/2
an=—j xcosnxdx+—f (T — x) cosnxdx
T -m/2 T /2

[(1‘[ _ X) sinn x _ (_1) (_ COISlzl’l X)]

sin nm cos nm sin nm cosS nm
2 2 T 2 2

31/2

11 sinnx cosnx
~nlf _(1)(_ n? )]

T -m/2 /2

n n2 2 n n2

sin nn cos 3nm sinmT cos nm
L_mshm O w7 %3

m| 2 n n? 2 n n2

m ( 3n11+ ] nT[) 1( 3nm nn)]
o0 sin > sin > = cos > cos >

17 m . nm 2 _ nm .
= —|——sinnmcos— + —sin—sinnm| =0
n

1

I
Al

2 n? 2

1 /2 3m/2
bn=—f xsinnxdx+—f (m—x) sinnxdx
L -m/2 /2
2

/2 31/2
=—] xsinnxdx+—j (mt —x) sinnxdx
TJo T /2

2ot
[(ﬂ _ x) cosnx) _ 1)( smnx)]

n? /2
nm . nm 3nt . 3nm nm . nm
_E _Ec057+51n7 +1 Ecos > _sm > +Ec057+sm7
m| 2 n n? |2 n n2 2 n n2

31/2

nm . DT 3nt . 3nm
1| mcos— 3 sin - TS sin—
=—|—= + — —

m| 2 n n2 2 n n2

_ 1 [T[ ( 3nm nn) 4 3 . nmt 1 _ 3nm
n cos > cos > = sin > T2 sin >
_1[1T_n11_ +3_1’1T[ 1_3n1T_1 3_n1T ~ 3nm
rlsm > sinnm = sin > T2 sin > ey sin > sin >

T

Substituting the values of a,,a,, a, ...by, b,, ... we get:

f(X)__ 12 32 + 52

sinx sin3x sin5x ]

Problem: Find the Fourier series of the function defined as:

f(x)={X+T[ for0<x<m

—x—1 for —m<x<0 and f(x+ 2m) = f(x).



Solution. ag = = ™ f(x) dx = — [* f(x) dx +~ [} £ (x) dx

1 (O 1 (™ 1( x2 1 /x? T
=—J (—x—n)dx+—j E+mMdx=—|—-7—-mx| +—|++mx
TJ_g T J, T 2 . Tm\2 o
1 +1 112+ )\ (1 1)+ (1+1)_
e\ T ) TR\ 2T ) TG AR A
1 (™ 1 (° 1 ("
=—f f(x)cosnxdx=—f f(x)cosnxdx+—f f(x) cosnxdx
m)_, m)_, mJ,

1(° 1"
=—j (—X—T[)COSHXdX-l——j (x + ™) cos nx dx

T

[( X_ﬂ)smnx_(_ ){ cosnx] [(X_I_n)smnx_( ){ cosnx}]o
=l[ —+ ( 1) [( Dn_iz] =?[(_1)n—1] =_T4 if n is odd.
m| n n n?m n?m

=0 ifniseven.

1[" 1 (° 1 ("
bn=—J f(x)sinnxdx=—j f(x)sinnxdx+—j f(x) sinnxdx
mJ)_, mJ)_, mJ,

1 (° 1 (™
=—f (—X—n)sinnxdx+Ef (x + m) sinnxdx

[( X—T[) COSI’IX)_(_ )( Slnl’lX)]_T[
[(X+‘|‘[) COSHX)_( )( smnx)]o

:%E]J’H‘ZTR(_D“’_] —[() -2(-D"+ (V)] = [1—( Dn

4
=—, ifnisodd.
n
0, ifniseven.
Fourier series is:
f(x) = —+a1cosx+a2 cos2x+ -+ by;sinx+b,sin2x+ -

f(x) = T 4<cosx+c053x )+4<smx+sm3x+ )
X = 12 32 1 3
Problem: Find the Fourier Series of the function

-1 for —7r<x<—z
2

f(x)=40 for -Z<x<Z
2 2




Solution : Let f(x)=%+a1Cosx+a20032x+ ....... +b, Sinx+b, SiN2X+..... ceeec. (1)

a, = i]i f(x)dx = i]i(—l)dx = i]io.dx +%i1.dx

1 —7TT 1 T
= ;[—X]_,f/2 +;[X],,,2
1 —7TT 1 T
:;[_ ] 71'/2+;[X]7r/2

a,= 1 I f (x) Cosnxdx = 1 f (-1 Cosnxdx + 1 f (0) Cos nxdx + 1 J' (2) Cos nxdx
e e e e

" Si nx Sj Nz
__E{Sinnx}_” E{Sinnx}” _ 1 -y A ey
T n |, T n 1. T n T n
1 V4 1 —l2 1 7l2 1 V4
bn:—j f (x) Sin nxdx = = j (—1) Sin nxdx + = j (O)Sinnxdx+—f(1)Sinnxdx
72-77[ T s 7[—7[/2 zl2

B E{Cos nx}”’2 _E{COS nx}”
7 n - 7 n 7l2
1

= —{CosE —Cos n;r}— i (Cos nsz —Cos Mj = i{CosM —Cos nﬂ}
nz nz 2 nz 2

Even Function & Odd function:

A function is said to be even (or symmetric) function, if f(-x) = f(x). Graph of such
functions is symmetrical with respect to y-axis. Here y - axis is a mirror for the reflection
of the curve.

The area under such a curve from -x to = is double the area from 0 to =.

jff(x) dXZZTf(x) dx

- 0

Odd function: A function f(x) is called odd (or skew symmetric) function if

f(-x) = - f(x)

here the area under the curve -x to &t IS zero.



Representation of even function as Fourier Series:

a0=1jf(x)dx=3jf(x)dx
T Ty

a, :1_[ f(x) Cos nx dx:EIf(x) Cos nx dx
T, Ty
as f(x) and cos nx both are even function. So product of f(x). Cos nx is also an even
function. b, = e _[ f(x) Sinnx dx=0
7Z——7r

As Sin nx is an odd function so f(x). Sin nx is also an odd function, we need not to
calculate bn as its value = 0. So series of even functions contain only cos terms.

Representation of an odd function as Fourier series.

a0=1j f(x)dx=0
7[—71'

a, =1.[ f(x) Cos nx dx=0 [ f(x) Cosnx is on odd function]
T :

b, zlj f (x) Sin nx dx:gjf(x)Sinnx dx
T Ty

[ f (x) Sinnx is on even function]

So the series of odd functions will contain only sine terms.
Problem: Find the Fourier series expansion of the periodic function of period 2m
f(x) =x? —-mT<x<T

Hence, find the sum of the series iz — iz + iz — iz + -
1 2 3 4

Solution.
f(x) =x} —-nm<x<m
This is an even function. . =0
ff(x)dx—— x2 dx = — [ ] —
0

2
ff(x)cosnxdx—gf x?% cos nxdx
0

=%[x2 (5) 0o (-5 + (5]

2 [112 sinnm N 2mcosnm 2 sinnn] _AC=-Dn

i1 n n2 n3 nz



Fourier series is f(x) = az—" +a;cosx+a,cos2x+az;cos3x+:-+a,cosnx+ -

3 [ 12 2 T3 42

2 [COSX cos2X cos3X cos4x+ ]

On putting x = 0, we have

___+___

12 22 32 427

1 1 1 1 T2

or F_§+§_E.“=E

Problem: Obtain a Fourier expression for

f(x) =x3 for —m<x<Tm

112[1111]
3

Solution. f(x) = x3is an odd function.

~ap=0 anda, =0
L

2 (™ _ 2 .
-bn=—f f(x)smnxdx=—f x3 sin n x dx
TJo TJo

[f uv=uv, —u'vy, +u''vy —u""'v, + ]
T

2 cosnx sinnx cosnx sinnx
_“13(_ _au2( _
_T[[X ( n ) 3% < n? )+6X( n3 ) 6( n* )]0

2[ m3cosnm 6TcosnT 2

=—[— + ]:2-(—1)n[—“—+%
n n n

Tt n
2

T 1T2+6 okt 112+6 - 1T+6 3
SXT = 1 13 SIn X 2 3 SIn 2X 3 33 SInoX...

Half-Range Series, period 0 to n:
If given function is defined in the interval (0, ) and it is immaterial whatever the

function may be outside the internal (0, =).
To get the series of cosines only we assume that f(x) is an even function in the interval

(-m, m). a, :EJ' f(x) Cosnxdx and b, =0
T 0
To expand f(x) as a sine series we extend the function in the interval (-z, 7) as an odd

function b, =£j f(x) Sinnxdx and a, =0
4 0



Problem: Represent the following function by a Fourier sin series:
Lt o<t<—
f =91 = 2
E E <tsm
Solution. b, = = [ f () sinn tdt

2 (/2 2 (M1
=—f tsinntdt+—] —sinntdt

T Jg /2
/2 2mr cosnt]™

~2 (-5 - o (-5,
|

n
2 (:osmT sin i
T — —_—

2 n 2 n

n ]1-[/2

+
T2
nm
cosnT COST
— +
n n
2

m| 2 n

b I [0+ 1 1 +1
1 ———cosz+sm] [—cosn+cosz]—g + 1]+ [1] = -

b 2 ncosn_l_smn] [ cosZ1T+cos1T_2 (- 1)+0+[ 1 1
2wl 2 2 22 2 2 1w 2 2

1

2T 1
= 3"

7-1=371=
31
2 1 COS 7 Sin co

1
3n . 3m
i I 322%[_ 3
- 30-Yfed-

2 1
f(t) = <—+ 1)sint——s1n2t+(——+ >51n3t+---
T 2 9t 3

Problem: Find the Fourier sine series for the function f(x) = e**for 0 < x < 1t where

2
3m
S3T COST
+
1

__+_

a is constant.

Solution. [ e*sinbxdx = [a sinbx — b cos b x]

2 TC
b, = —f e sinnxdx
TJo

T

2 eax
= —[2—(asinnx— ncosnx)]
a

1 la? + n? 0
21 em _ n
=%[a2+n2(a51nnn—ncosnn)+a2_l_nz]
2 n 2n
_ 1)"ea™ 4 1 1 — (—1)Rea™
Tta2+n2[ =D I'= (a2+n2)1't[ =D ]
2(1 + ™) _2-2-(1—ea“)

1=M' 27 (a2 +29)m



21+ " 2(2 —e?M)

Change of Interval: (Functions having arbitrary period):

The period of function is not required be always 2z, T or 2C, in that case period must
be converted to the length 2x & independent variable x changes proportionally.

Let the function be defined in the interval (-C, C). Now we have to function of period
27 so that we can use formula of an, bn

2C is the interval of the variable x.

1 is the interval of the variable %

Xx2m X

2w is the interval of the variable =c - Z(Let) or x= z
T

X ZC
soputz =—  orx=—
C T
Thus the function f(x)of period 2cis transformed to the function f( )or F(z)of period
2.

F(z)can be expanded in the Fourier series.

czy  ag : :
F(z) =f(?) =7+a1cosz+a2c0522+b151nz+b251n22+---

where a, =%f02“F( )dz=1f21t (9) dz

2c
f f(x)d ﬂX = f f(x) dx putz——X

i T ¢
12 nmx  mxy 1 2 nTx

:—f f(x)cos—d( ) —f f (x) cos— dx.
), c cJo c

nTx
Similarly b, = f f (x) sin— dx.

1 2T 1 2m CZ X
anz—J F(Z)Cosnzdz=—f f(—)cosnxdz Putz = —
0 TJo

Cor. Half range series [Interval (0, c)] Cosine series:

TIX TIX nmx
f(x) ——+a1 cos— + a, coS—— + -+ +a, oS —— + -+
c c c

n
where a, = Ef f(x)dx, ap f f(x) cosE dx
0

Sine series.

27X nTx
f(x) = by sm + b, sm— + - +Db, smT + -

where b, = f f(x) sm— dx.



Problem: A periodic function of period 4 is defined as
fx) =|x], —-2<x<2.
Find its Fourier series expansion.
Solution. f(x) = |x| —2<x<?2
fx)=x 0<x<2

=—-—x —-2<x<0

1r°¢ 12 1 (°
=—] f(x)dx=—]xdx+—f (—x) dx
cJ_. 2, 2)_,
1[x2] 1[-x?]° 1 1
—51?104'5 71_2—2(4—0)4-2(04-4)—2

1 c nmx 1 (2 nmx nmx
a, = f(x)cos—dx—— Xcos—dx+ ( X)cos—dx
c —c 2 ),

1 2  nmx 4 nmx
B o (e

2
nmx 4 nmx]°
2[< X>(—sm7)—< D (=) 057
4 4
0-— 1 “]
2172 ] [ n21T2 nznz( )
1 4
ZMZ[( D" —1-14(-1)" = -1]
8
=" if n is odd.
=0 ifniseven.
b,, = 0as f(x)is even function.
Fourier series is
X 2TX X 21X

f(x) = 7+ a cos—+ a,cos—+ -+ by sm—+ b, sin—+ -
c C

3mX STX
CoS 2 CoS 2

2 T3 s

cos =
2

8
f(X)=1——2 + ...
T

Problem: Find Fourier half-range even expansion of the function,
fx)=(—x/D+1, 0<x<L

Solution. ay, = %folf(x) dx = %fol (—? + 1) dx



lf() mtxd _2 l( X+1) nnxd
a“_IOXCOSl x-10 l cos —— dx
2 X ] nmx 1 12 nmx
=717+ 0 ) = () (e T)|,
2 1 1 2 1
-1 [0 - n2m2 cosnm -+ nznz] " In2m2 [FCEDT+1] = n2m? (1= (D7)
4 .
= —— Whennisodd.
n2T
= (0 when n is even.
1 471 mx 1 3tx 1 51tx
f(X)=E+F[FCOST+§COST+¥COST...
Problem: Expand f(x) = e* in a cosine series over (0,1).
Solution. f(x) = e* andc=1
2 (€ 2 (1!
a0=z.f f(x)dx=If e*dx=2(e—1)
0 0
2 (€ nmx 2 (1! nmx
anz—j f(x)cos—dxz—f eX cos— dx
cJy C 1), 1
eX 1
=2 [m (nmtsinn X + cos nnx)]o
B [ eX ( _ N ) 1
=2| 71 nmsinnT + cosnm ]
=—— [(-Dre—1
n2ﬂ2+1[( e 1l
a
f(x)=70+a1cos1tx+a2c032nx+a3c053nx+--- .........
X = 1+2[_e_1 127 st —— L cos3mx +
e*=e 1T2_I_lcosnx 41I2+1cos X 91T2+1cos 1194

Problem: Obtain the half range sine series for the function f(x) = x2 in the interval 0 <
X <3.

Solution : Half range since series is given by f(x) => b, Sinnx

where b, =Ej f(x) Sin? dx in the half range (0, c).
c 0



Here we have half range 0 < x < 3 & f(x) = x?

b, =gfx2 sin 27X gx
34 3

3
_2 xz._—S(Cos%}rZXx(ij(ijSin@—Z(ij(ij(i)Cos@
3 nz 3 nz )\ nz 3 nz )\ nz )\ nxz 3 |,

2[( 27 54 54
=bh == |[{-—(-D)"-——(-D"++
" 3_{ n7z( ) n37z3( )} n%"’}
2] 54 27
—=b == 1-(-)" === (="
-2 -2 )}
— bn :3 1383 +£} where n is odd
3L’z nx

& Db, :—E if n is even
nrx

So Half range sine series is
f(x) =b, Sinx+b,Sin2x+........

21108(Sinx Sin3x Sin5x
=— + + F o
321 3 53
27(Sinx Sin3x Sin5x
+— + + Fornnns
1 3 5

18(Sin 2X  Sin4x j
= + Foreens
T 2 4

T




Laplace Transform

Introduction: Laplace transforms help in solving differential equations with boundary
values without finding the general solution and the values of the arbitrary constants.

Definition: Let f(t) be a function defined for all positive values of t, then

F(s) = fooe_“f(t)dt
0

provided the integral exists, is called the Laplace Transform of f(t). It is denoted as

(0]

LIEO] = F(s) = f &S dt

0

Piecewise continuous function

A function f(t) is said to be piecewise continuous is an interval a < t < b, if the interval
can be sub divided into a finite number of intervals in each of which the function is continuous
and has finite right and left hand limits.

In other words, piecewise continuous means f (t) can have only finite number of finite
discontinuities.

F(t)

An example of a function which is periodically or sectional continuous is shown graphically
in Figure above. This function has discontinuities at t;,t, and t;.

Exponential order

A function f(t) is said to be exponential order if lim e—stf(t) is a finite quantity,

t—oo

where s > 0(exists).

Example: Show that the function f(t) = et’ is not of exponential order.

. . 3 .. 3 . 3_
Solution: lim e—st et =lim e-st+¢ =lim et ~5¢

t—oo oo oo



= e” = oo, not a finite quantity.
Hence f(t) = et’is not of exponential order.

Sufficient conditions for the existence of the Laplace transform

The Laplace transform of f(t) exists if
i) f(t) is piecewise continuous in the intervala <t < b
i) f(t) is of exponential order.

Note: The above conditions are only sufficient conditions and not a necessary condition.

Example: Prove that Laplace transform of f(t) = et’ does not exist.

Solution: As f(t) = et’is not of exponential order. Hence Laplace transform of f(t) =
et’ does not exist.

Important formula :

1
M L=3
(2) L") =Sr:—+!l whenn=0,1,2,3..........

(3) L(e™) :i s>a

4.L(coshat) = (s? > a?)

S
(s2 — a?)

5.L(sinhat) = (s? > a?)

a
(s2 — a?)

6.L(sinat) = (s >0)

a
(s?2 + a?)

7.L(cosat) = (s > 0)

S
(s?2 + a?)

% e—st ® 171 ©
Proof: (1) L(1) = |1.edt= =—_Z| =
oot @ - freva-| | 2]

:_lm_Dzl
S S

(2) L(t”)=Te‘5‘ t" dt



Let st:x:>t=§:>dt=1dx
S S

so L(t") :Tex(fjn%
. \S

S

o n!
je *X"dx =
0

n+1
S

1

n+l
S

or L(t") =

since ‘n_+l= je’xx"dx —n!
0
(3) L(e*) = J' e edt :J' e Cdt
0 0

{ } I S

—(s—a) s—a s—a

at

€ +€

—at

eat + e—at

(4) L(Cosh at)=L( j -~ Coshat =

1,0 1 /.
=§L(e‘)+EL(e )

1] 1 1 1| s+a+s-a
==| —+—|== -
2|s—a s+a} 2{(s—a)(s+a)}

(5) L(Sln h at) =L leat _ e—at:|

| 2
_1_ at —at
=2[L(e")-L(e™)]
=1'L_L}
2[s—a s+a
=l_ sta-s+a |__ a
2| (s-a)(s+a)| s*-a’
iat _ -iat iat _ —iat
(6) L(Sinat) = L(%} -Sinat= 2 —°

e

L)L)



.
2i| s—ia s+ia

1 [s+ia—s+ia}_ a

2i s’ +a’ s’ +a’

Problem: Find the laplace transform of (1 + Cos 2t)

Solution: Laplace transform of (1 + Cos 2t) dt
j e (1+Cos 2t)dt
0

it

© 2 —2it
e= '[e‘“ [1+ $j dt
5 2

_ %T[Zest + e(—s+2i) n e(—s—zi)t:l dt
0

+ + -
— —Ss+2i —-s-2i o

(o2

1[2 1 } 1[2 2s }
===+ —+ =-|Z+

2ls s—2i s+2i| 2[s s*+4
1

s

_ze—st e(—s+2i)t e(szi)t:|°°

s 2s°+4
s?+4 s(s’+4)

Properties of Laplace Transform:

Linear Property:

L [af, (t) +bf, (t)] = aLf, (t) + bLf, )

Proof : L[af,(t)+bf,(t)]= Te-st [af, (t) +bf, ()]

0
=a j e f (t)dt +b j e f, (t)dt
0 0

=aL[f,(®)]+bL[f,1)]
First shifting theorem:
If Lf(t)=F(s), then

)



L[e"f(t)|=F(s-a)

Proof : L[ e f(t)|= Te-steat f (t)dt
0

= Te‘(s‘a)‘dt
0

=F(s—-a)
By this property we have

| |
L) =

1) L) = o s

S—a

(2) L(e* Coshbt)= G af b

b

(3) L(ea Sinh bt) = m

b

(4) L(e™Sinbt) = e

S—a

(5) L(e* Cosbt) = m

Problem: Find the Laplace transform of Cos?t

Solution ; Cos2t =Cos?t—1

Cos’t :%(C052t+1)
L(Coszt) = LE(COSZt +1)}

1
:E[(LCOS 2t+L(1))]

1[ s 1} 1[ s 1}
21 s2+2% s| 2|s*+4 s

Problem : Find the Laplace transform of t*Cosat

at —at
Solution : L(tZCosat)zL{tz.e J;e }

= %[L (tPe™)+L(t%e™)]



1{ 21 21 }
== +
2| (s—ia)® (s+ia)’

_(s+ia)’ +(s—ia)’
~ (s-ia)’(s+ia)®

_ (s®+3ias® —3a’s—ia’) + (s’ —3ias® —3a’s +ia’)
(SZ _a2)3

_ 2s°—6a’s  2s(s*—3a%)
(52 _ a2)3 (SZ + aZ)S

Problem : Find the Laplace transform of tSinat

eat_e—at
Solution : L(tSinat)zL{t. o }
i

2i| (s—ia)? (s+ia)’ |

1 (s+ia)’ —(s—ia)’ |
2i| (s+ia)’.(s—ia)® |

_ 1 (s®+2ias—a*)—(s* —2ias—a®)
2i (s* +a%)?

1 dias _ 2as
2i (s*+a%)” (s*+a?)’

Initial Value theorem: Let L (f(t) = F (s) then

limf(t) _-limf(s) _ Pprovided the limit exists.

Final Value Theorem : Let L[ f (t)]=F(s)

then lim f (t) =lim[sF(s)] provided this limit exists.

Laplace transform of derivative of f (t)
L[ f'(®)]=sL[f'(t)]-f(0) where L[f(t)]=F(s)

Proof : L[f(t)]= Te-st f(t)dt



= [e*“ f (t)];o — T (—se™) f (t)dt

—_f(0)+ ST e f (t)dt [e_St f(t)=0as F— OO]

— £ (0) +5LFf (1)
or L[f'(®)]=sL[ f'®)]- f(0)

Laplace transform of derivatives of order n.
L[ £"(t) | =s"L[f(®)]-s""f(0) 5" '(Q)—5"*f "(0)........ — £"(0)
Proof : We know L[ f'(t)]=sL[f(t)]- f(0)
Replacing f(t) by f '(t)
L[ f"®]=sL[f'®)]- f0)
= s[sLf (t) - f (0)]— f '(0)
= s?Lf (t) —sf (0) - f '(0)
similarly L[ f"(t)]=s°L[ f (t)]-s?f (0)—sf ((0)— f "(0)

L[ £(t) |=s"L[f ()]-sf (0)—s°f '(0)—sf "(0) - f (0)

L[ £"(t)]=s"L[f(t)]-s""F(0)~s"*f (0)—s"*f "(0)........ — £"4(0)

Transform of Integral of f(t) :

L[j.f(t)dt}zéF(s) where L[ f(t)]=F(s)

Proof : Let ¢(t):jf(t)dt and ¢(0) then p'(t) = f(t)
and L[#'®)] =sL[4())]-4(0)
=sL[4(t)]
so L[p0)] =< L[#10)]

Putting the values of ¢(t)and ¢'(t), we get



L{!f(t)dt}:%qf(t)]

or Lﬁ f (t)dt} _ % F(s)

0
Laplace transform of t. f(t) [Multiplication by t]
If L[f(t)]=F(s),then

n —_(_1\" i "
L[t"f(t)]=(-D) [dsj F(s)
Proof : L[f(t)]=F(s)= Te‘“ f (t)dt

Differentiating with respect to s, we get

d

< —[F(s)]= De S‘f(t)dt}

d
—e > f(t)dt
™ (t)

(—te™).f )t

ot—8 ow—3

e [-t.f(t)]dt
= L[-t.f (t)]

I
O sy 8

or L[t (t)]:(_l)lis[F(s)]

similarly, L[t*f(t)]=(- 1)2£[F(s)]

L[E 1] = 0S5 [F )

[F(S)]




Problem: Find the Laplace transform of t sinh at.

Solution: L[tsinh at] = —%[(Sz_aaz)] — _ 23

T (s2-a2)2’

Problem: Find the Laplace transform of t2 cos at.

. 2 _d s _ 2s(s?-3a?)
Solution: L[t* cos at] = G = ey

Laplace transform of % f(t) [ Division by t ]
Th. If L[f(t)]=F(s) then LEf(t)}:IF(s)ds

Proof : L[f(t)]=F(s)= Tes‘ f (t)dt

Integrating with respect to s we get

T F(s)ds = Tﬁe‘St f (t)dt} ds

Interchanging the limits

f(t —st %
e T
(t

e f (t)ds}dt

O — 8
0 =y 8

Il
o t—38

JOI
1 O0-¢Jat

[l
O sy 8

Te“ E f (t)dt} dt
1
L[E f(t)}

or = LE f(t)}:IF(s)ds

Problem : Find the Laplace transform of Sin%

Solution : L(Sin2t)= .
S°+4



=T a2
2 2
_Cot2
2
at
Problem : If f(t)=e_—COSbt

, find the Laplace transform of f (t).
Solution : f(t):m

Weknowthat,L(e"“—Cosbt)( 1 s J

S°L@£:%E@%I@sfa (eswiks

_Iog(s—a) —% Iog(s2 —bz)}oc

log(s—a)— log(s® —bZ)T

2
—E_Iog(s—a)—log(sz—bz)r
2L s
2
_1 log (s—a) :
2| (s’ +b?)
| aV ]
1, ) 1, )
29 b2\ 2|0 % 22
(1+82] (l+szj




Problem: Find the Laplace transform of & _:;’St).

Solution :L [1 _C°St] = cot™'s + G) 10g[ s*

t2 (s2+ DI

Unit Step Function: The unit step function 4 (t - a) is defined as.

0 when t<a
1 when t>a

u(t—a):{

Laplace Transform of Unit Step Function:

L[u(t-a)]= es

Proof : L[u(t-a)]= Te‘asu(t —a)dt

= Te“ .0dt + Te“ J1dt
0

a

s L[u(t-a)]= e:s

Problem: Express the following function in terms of unit step function and find its

Laplace transform

8 t<?2
f(t)=
O-1s 122

8+0 t<?2

Solution : f(t) =
6-2 t>2

0 t<2 0 t<2
~8+ =8+(-2) =8-2u(t-2)-2s
2 t>2 1 t>2

so Lf (t)=8L(1)—2L4(t—2):§—2§

Second Shifting theorem:
If L[f(t)]=F(s) then L[f(t—a)u(t—a)]=e*F(s)

o0

Proof : L[f(t—a)u(t—a)]zje‘S‘[f(t—a)u(t—a)]dt

0



= j e f (t—a).0dt + j e % f (t—a).1dt
0 0

= [ef(t-a)dt

Now let so t —a=u = dt=du
Let u=t-a 50 :je‘s(”“") f (u)du
0

= e‘s""_[e‘Su f(u)du =e*F(s)

0

Theorem : L[ f(tu(t—a)]=e*L[f(t+a)]

o0

Proof : L[ f(tu(t—a)]=[e™[f(t)u(t—a)]dt

0

= je“ f (t).0dt +T e f (t).(D)dt

=0+ e f (t)dt
Lett—a=y=>t=a+y

= [0 (y+a)dy
= e"ﬁ‘s_[e‘Sy f(y+a)dy

=e [ f(t+a)dt

=e ®Lf(t+a)

Problem: Express the following function in terms of unit step function and find its

Laplace transform.

0 O<t<1
Solution : Given function in algebraic form may be writtenas f(t)=<t-1 1<t<?2
1 2<t

or



f(t)=@t-D[ut-1)—-ut-2)]+1u(t—2)
=(t-Du(t-1)—ut-2){t—1-1}
=(t-Du(t-D—ut—2u(t-2)

So Lf (t) =L(t-Du(t-1)-L{t-2u(t-2) = eszs —Lt-2)u(t-2) = es—:— e;

Problem: Express the following function in terms of unit step function.

t—1 1<t<?2
f(t)=
3t 2<t<3

and find it Laplace' transform.

t-1 1<t<?2

Solution : f(t) =
3t 2<t<3

=(t-D[ut-1)—ut—2)]+@-t)[ut—2)—u(t—3)]
=(t-Dut-D-2(t-2)+(t-3)u(t-3)

-S -2s -3s
e e
2=+

€
2 2

SO Lf (t)=——
S S S

Change of Scale Property : If Lf (t)=F(s) then L[f(at)]=§FGj

Proof : Lf(t):je‘S‘f(at)dt:_[e‘“.f(u)% put at:u:dtz%
0 0

1% u 1
==[e " fu)du==F(s/
a_([e (u)du " (s/a)

Periodic Function: Let f(t) be a periodic function with period T, then

]'e“ f (t)dt
[10)=

Proof : L[f(t)]= ]'e‘“ f (t)dt

T 2T 3T
= j e f (t)dt + j e f (t)dt + j e (O)dt +orrnnnnn,
0 T 2T




Substituting t = u + T in second integral and t = u + 2T in third integral and so on

T T T
L[f@®]= e f@)dt+ [e U (u+t)du+ [e 7 f (U+20du+.oo
0 0 0

O ey -

T T
e f (t)dt + e j e f (u)du +e " j R (1) E
0 0
f(u)=fu+T)=fU+2T)=fU+3T)=....
T T T
= [e* f@)dt+e [e f O)dt+e™ e F )+
0 0 0

l T
— j e f (t)dt
€ 0

1_
as [1+a+a2+a3+ ....... =1i}

Problem: Find the Laplace transform of the wave form

f(t):[%j,OstsB

Solution : L[ f(t)]= .

1 ¢ (2t
- e”| — |dt
1—e*35-[ (3)

0

1 T
— j e f (t)dt
€ 0

S 31-e%| —s s?

2 1 [3e® 1—e‘35}
+

_ 2e—3s +i
_—s(l—e‘ss) 2s?

Problem: Find the Laplace transform of the function (Half wave rectifier)

ft) = Sinwt for O<t<z/w
o0 for miw<t<27z/w



: 1 7
Solution : L[ f(t)]=—— [ f (t)ct
1-e" 9
27lw
- [ ettt
l-evw °©
i - i i . 2r
f(t) is a periodic function with period T =
1 zlw 27zlw
= | esinwtdt+ [ e x0xdt
l—gw O 7w
1 zlw e
= e J'e Sinwtdt
l-ew LO

e*(aSinbx —b Cosbx)

as =IeaXSin bxdx = Y
+

1 [gs (~sSinwt—wCoswt) ™"
s*+wW .

—7S

1 |wevw +w
—27S SZ +W2

Jore]
=
)
(#ovf) 1"

Problem: Find the Laplace transform of the function.

f(t)=te"Sin2t

Solution : L(Sin2t)=—
S°+4

L(eSin2t)= ﬁ F(s)(say)

“sinat)=—d[F(g)=-d| —2
L(te"sin2t)= [FE)]- ds{(s+1)2+4}



4(s+1)
[(s +1)% + 4]2

Convolution Theorem:
If L[f,(t)]=F.(s) and L[f,(t)]=F,(s)

then L{j f,0)f,(t— x)dx} =F,(s).F,(s)

Unit impulse function: when a large force acts for a short time, then the product of

the force and time is called impulse (in applied mechanics)

1
Unit impulse function is the limiting function & &5(t-1) {g’ a<t<ate
0

otherwise

The value of function becomes infinite as e— 0 and the area of rectangle is unity.

o for t=a .

The unit Impulse function is defined as &(t—1) :{ with ._[s(t—l)dt =1
0 for t=a 0

Laplace Transform of Unit Impulse Function: L[5(t—a) ] =j f(t)o(t—a)dt=e*
0

L[] =e® =1
Problem: Find the Laplace transform of (a) Ie’Stﬁ(t—Z)
(b) ts(t-2)

Solution: (a) [e™o(t-2)=e>* =™

(b) LES(t—4) = [e*t°5(t—4)dt = 4%
0



Inverse Laplace transform:

If We find f(t) when F(s) is given, is then inverse Laplace transform of F(s) is f(t).
if L[f(®)]=F(s) then L*[F(s)]=f(®)

Formula to find inverse Laplace transform:

(D) L™'(1/s) = 1.

(2L 1(1/s™) =tV /(n - DL

@)L (1/(s —a)) = e,

(4) L(s/(s?* — a®)) = coshat.

(5) L7*(1/(s* — a?)) = (1/a)sinhat.

(6) L™*(1/(s* + a%)) = (1/a)sinat.

(7) L7*(s/(s* + a%)) = cosat.

(8)L™Y[F(s — a)] = e@Vf().

(9) L7(1/[(s — a)? + b?]) = (1/b)e@sinbt.
(10) L™*((s — a)/[(s — a)* + b?]) = e@ cosbt.
(11) L™2(1/[(s — a)®> — b?]) = (1/b)e@sinhbt.
(12) L*((s — a)/[(s — a)? — b?]) = e@ coshbt.
(13) L2(1/(s? + a®)?) = (1/2a%)(sinat — atcosat).
(14) L™*(s/(s* + a®)*) = (1/2a)tsinat.

(15) L™((s* — a%)/(s* + a%)?) = t cosat.

(16) L™1(1) = 8(b).

(17) L71(s?/(s* + a*)?) = (1/2a)[sinat + at cosat].

Problem: Find the inverse Laplace Transform of the following:

i)1/(s—2) Ans. e®Y
(i) 1/(s* = 9) Ans. (1/3)sinh3t
(iii) s/(s* — 16) Ans. cosh4t

(iv) 1/(s* + 25) Ans. (1/5)sin5t



(v)s/(s*+9) Ans. cos3t

Problem: Find the inverse Laplace transform of:

1. (3s—8)/(4s*+ 25) Ans. (3/4)cos(5t/2) — (4/5)sin(5t/
2)
2.3(s? —2)%/(2s%) Ans. (3/2) — 3t + (1/2)t*

3.(2s —5)/(4s* + 25) + (4s — 18)/(9 — s?)

Ans. (1/2)[cos(5t/2) — sin(5t/2)] —
4cosh3t + 6sinh3t

4. (5s — 10)/(9s* — 16) Ans. (5/9)cosh(4t/3) — (5/6)sinh(4t/
3)

5.(1/4s) + 16/(1 — s?) Ans. (1/4) — 16sinht

6.1/[(s —2)%? + 1] Ans. e®Ysint

7.(s = 1)/[(s — 1) + 4] Ans. etcos2t

8.1/[(s + 3)* — 4] Ans. (1/2)e3Ysinh2t

9. (s+2)/[(s+2)%? - 25] Ans. e"?Y¢cosh5t

10.1/(2s = 7) Ans. (1/2)e7%2

Multiplication by s:L™*[sF(s)] = (d/dt)f(t) + f(0)5(t)

Problem: Find the inverse Laplace transform of:

(i)s/(s*+ 1) Ans. cost
(ii) s/(4s* — 25) Ans. (1/4)cosh(5t/2)
(iii) 3s/(2s + 9) Ans. —(27/4)e"11/2) 4 3 /2

Division by s (multiplication by 1/s)
LY [F(s)/s] = [ L [F(s)] dt = [ f(t) dt.

Problem: Find the inverse Laplace transform of:

(i) 1/[s(s + a)] Ans. (1/a)[1 — eC2Y]



(i) 1/[s(s* + 1)] Ans. 1 — cost

(iii) (s + 3)/[s(s* + 9)] Ans. (1/3)[2cos3t + 1]
First Shifting Property:

If L'F(s)= f(t) then L'F(s+a)=e *L"F(s)

Problem : Find Inverse Laplace transform of 1 -
(s+2)
4
Solution : L‘li5 _L
s> 4!
4
so Lt 1 - —exl
(s+2) 41
Second Shifting Property:
L' [e™F(s)|= f(t-a)U(t-a)
-s -3s
Problem : Evaluate L™ {%}
-s -3s -s -3s
Solution : L {%} = L‘{es—z—ges—z}
we know that Lu(t—a) = eS and L[(t—a)u(t-a)]= esz
-s _ -3s
so L {%} — (t-Du(t—1)—3(t-3)u(t-3)
Problem : Obtain inverse Laplace transform of (: 3
+

Solution : L™* [ G L 3)] —e 5o LT (ﬁ] =e U (t-r).
+ +

Inverse Laplace transform of derivatives:

d
ds

Since L[tf (t)]=-1—F(s)so L{% F(s)} =—tL'F(s)

or L*[F(s)]= —% Lt {% F(s)}

Problem : Find the inverse Laplace transform of tan‘11
S



Solution : L‘l(tan‘llj=—%L‘l(itan‘llj:—%Ll ! x[—izj
S

_ 1 11 _Sitnt
l+s—2
Problem : Find inverse Laplace transform of F(s)= Iog%
S+

Solution : L™log (ﬂj:_l L? img(ﬁj
s+b t ds s+b

— _% Lt _%Iog(s+a)—%log(s+a)}

:——L’l_ 11
t _(s+a) (s+a)
__1- —a+ _ A—b+
~ e o]
Inverse Laplace transform of Integrals:

L ﬁ F(s)ds} = @ = % LH[F(s)] or LT[F(s)]= tLlﬁ F(s)ds}

Problem : Obtain L™ -
(s*+1)

[

Solution : 123 ZthlfﬂSz:tL{_ 1 }
(Sz+l) 5(52+1) s?+1

:tL{—O+ 21 J :tLl{ 21 J:t.sint.
S™+ S™+

Problem: Find the inverse Laplace transforms of

S

(s+4)
s(s—1)(s?+4)

Solution: Partial fraction decomposition

(s+4) 1 1 1
s(s—l)(sz+4)__§+(s—1)_(sz+4)




. (s +4) Coap1 1 1
L L(s—1)(s2+4) =L [ *

s (s—1) (s2+4)
= —L1/s] + L7 [1/(s = D] = (1/2)L7'[2/(s* + 2?)]
= —1+e"— (1/2)sin2t

Problem: Find the Laplace inverse of s?/[(s* + a®)(s* + b?)].
Solution. Let us convert the given function into partial fractions.
L™ [s?/(s* + a®)(s* + b?)]
=L a?/(@* —b?) - 1/(s* + a*) — b?/(a* — b?) - 1/(s* + b?)]
= 1/(@* — b*)L*a?/(s* + a?) — b?/(s* + b?)]
= 1/(a* — b?»)[a*((1/a)sinat) — b*((1/b)sinbt)]
= 1/(a* — b?)[asinat — bsinbt]

Inverse Laplace Transform by Convolution:

L{j £ T, (t— x)dx} = £,(5).1,(s)

or Ll[fl(s).fz(s)]zj' f,(x) £, (t —x)dx

)

Solution: By Convolution theorem

Problem : Evaluate Ll{

Ll{(82+1)s(82+4)}%Ll{(szil)x(szi“)]

t
= 1J-Sin 2x Cos(t —x)dx
2 0
t
= ISin x Cos x {Cost Cos x +Sint Sin x} dx
0

{Sin x Cos? xCost +Sin? x Cos xSint}dx

o!—.,—r

~ {_ Cos’ X oy, SIN'X

t
Sint}
0



Cos*t Sin*t Cost
- + +
3 3 3

zl[Sin4t—Cos4t}+%

3 3
=E(Sinzt+Coszt)(Sin2t—Coszt)+%
3 3
=1(Sin2t—Coszt)+%
3 3

= —ECos 2t+%
3 3

= %(Cost —Cos2t)

Problem: Using the convolution theorem, find L™*[s?/(s* + a®)(s®* + b?)],a # b.
Solution. We haveL(cosat) = s/(s* + a?) and  L(cosbt) = s/(s* + b?)

Hence by the convolution theorem
t
L] cosax cosb(t — x)dx = s?/[(s* + a®)(s* + b?)]
0
Therefore, L™[s%/(s* + a%)(s* + b?)]| = fot cosax cosb(t — x)dx

=(1/2) ft[cos(ax + bt — bx) + cos(ax — bt + bx)] dx

= (1/2) ]tcos [(a—Db)x + bt]dx + (1/2) ftcos [(a + b)x + bt]dx

= [sin[(a — b)x + bt]/2(a — b)]," + [sin[(a + b)x — bt]/2(a + b)],"
= (sinat — sinbt) /[2(a — b)] + (sinat + sinbt) /[2(a + b)]
= (asinat — bsinbt)/(a* — b?)

Problem: Obtain L™*[1/s(s* + a®)].

Solution. L™*[1/s] =1  and L[1/(s* + a®)] = (sinat)/a

Hence by the convolution theorem

X=——
a s(s? + a?)

' sina(t—x 1
Lf1'¥
0



t

L [1/s(s* +a%)] = j 1 - sina(t — x)/adx

0
= [—cos(at — ax)/(—a®)]o"
= (1/a*)[1 — cosat]
Applications: Ordinary linear differential equations with constant coefficients can

be easily solved by the Laplace Transform method, without finding the general

solution and the arbitrary constants.

Solution of Differential Equation by Laplace Transform:

Problem: Using Laplace transforms, find the solution of the initial value problem
y'" — 4y’ + 4y = 64sin2t, y(0) =0,y'(0) =1
Solution: y"' — 4y’ + 4y = 64sin2t...(1)
Taking Laplace transform of both sides of (1), we have
[s*5 — sy(0) — y'(0)] — 4[sy — y(0)] + 47 = (64 x 2)/(s* + 4)...(2)
On putting the value of y(0) and y'(0)in (2), we get
s’y — 1 — 4sy + 4y = 128/(s* + 4)
(s*—4s+4)y=1+128/(s*+4)
(s—2)’y=1+128/(s* + 4)
y=1/(s—2)*+128/[(s — 2)*(s* + 4)]
=1/(s—2)*—8/(s—2)+16/(s—2)*+8s/(s* + 4)
y=L1-8/(s—2)+17/(s—2)* + 8s/(s* + 4)]

y = —8e*' + 17te?" + 8cos2t

Problem: Using the Laplace transforms, find the solution of the initial value
problem y"' + 25y = 10 cos5t,y(0) = 2,y'(0) =0
Solution. Taking Laplace transforms of the given differential eq., we get

[s%y — sy(0) —y'(0)] + 25y = 10s/(s* + 25)

s’y — 2s + 25y = 10s/(s* + 25)

(s*+ 25)y = 2s + 10s/(s* + 25)



y = 2s/(s* + 25) + 10s/(s* + 25)?

L '[y] = L™*[2s/(s* + 25) + 10s/(s* + 25)?]
y = L™Y[2s/(s* + 25) + 10s/(s* + 25)?]

= 2cos5t + L™110s/(s* + 25)?]

= 2cos5t + L™*[(d/ds) — 5/(s* + 25)]

= 2cos5t + tsin5t

Problem: Applying convolution, solve the following initial value problem:
y" +y =sin3t,y(0) = 0,y'(0) =0
Solution. y"" +y = sin3t
Taking Laplace transformation of both the sides, we have
[s?) — sy(0) —=y'(0)] +§ =3/(s* + 9)... (1)

On putting the values of y(0), y'(0) in (1) we get

s’y +y=3/(s*+9)

(s*+ 1)y =3/(s*+9)

y=3/[*+1D(* + 9]

= (3/8)[1/(s* + 1) — 1/(s* + 9)]

Taking the inversion transform we get

y = (3/8)L7'[1/(s* + D] — (3/8)L7*[1/(s* + 9)]

y = (3/8)sint — (3/8) x (1/3)sin3t

= (3/8)sint — (1/8)sin3t

Problem: Using Laplace transforms, find the solution of the initial value problem
y'"' 4+ 9y = 6cos3t,y(0) = 2,y'(0) =0
Solution. y"' + 9y = 6cos3t... (1)
y(0) =2,y(0)=0
Taking Laplace transform of (1), we get

[s?y — sy(0) —y'(0)] + 9y = 6s/(s* + 9)...(2)



Putting the value of y(0) and y'(0)in (2), we have
s’y — 2s + 9y = 6s/(s* + 9)
(s?4+9)y =2s+ 6s/(s*+9)
or y = 2s/(s*+9) + 6s/(s* + 9)?
y = L [2s/(s®* + 9)] + L™ [6s/(s* + 9)?]
= 2cos3t + 3L7*[(d/ds) — 3/(s* +9)]
= 2cos3t — L™*[(d/ds)3/(s* + 9)] = 2cos3t + tsin3t

Problem : Solve the initial value problem 2y” + 5y’ + 2y = e 2,y(0) =
1,y'(0) = 1, using the Laplace transforms.
Solution. 2y"" + 5y’ + 2y = e*4,y(0) = 1,y'(0) = 1
Taking the Laplace Transform of both sides, we get
2[s*y — sy(0) —y'(0)] + 5[sy —y(0)] + 2y = 1/(s + 2)... (1)
On substituting the values y(0) and y'(0)in (1), we get
2[s’y —s—1]+5[sy— 1]+ 2y =1/(s + 2)
[2s* +5s+ 2]y —2s—2—-5=1/(s+ 2)
y=1/[(s+2)(2s*+5s+2)]+ (2s+ 7)/(2s* + 55 + 2)
=(1+2s*+7s+4s+14)/[(2s* + 55 + 2)(s + 2)]
= (2s®* + 11s + 15)/[(2s + 1)(s + 2)?]
=(4/9)/(2s+1)—(11/9)/(s + 2)

- (1/3)/(s +2)*
=(4/9) - (1/2)/(s +1/2) = (11/9) /(s + 2)

—(1/3)/(s + 2)*
y = (2/9e™ - (11/9)e™ = (1/3)te™

Problem: Solve d*y/dx* + 2dy/dx + 5y = e *sinx where y(0) = 0,y'(0) = 1.
Solution. d*y/dx? + 2dy/dx + 5y = e *sinx
Taking the Laplace Transforms of both the sides, we get

[s*9 — sy(0) — y'(0)] + 2[sy — y(0)] + 5§ = L(e "sinx)



[s* — sy(0) — y'(0)] + 2[s§ — y(0)] + 57 = 1/[(s + D* + 1]...(1)
On substituting the values of y(0) and y'(0) in (1), we get
(s’y— 1) + 2(sy) + 5y = 1/(s* + 2s + 2)
(s*+2s+5)y=1+1/(s*+2s+2)
=(s*+2s+3)/(s*+ 25+ 2)
y=(s*+2s+3)/[(s*+ 25+ 5)(s* + 2s + 2)]
On resolving the R.H.S. into partial fractions, we get
y=(2/3)/(s*+2s+5)+(1/3)/(s* + 25 + 2)
On inversion, we obtain
y = (2/3)L7Y[1/(s* + 25 + 5)] + (1/3)L7'[1/(s* + 25 + 2)]
y = (1/3)L7[2/(s + 1)* + (2)*] + (1/3)L7[1/(s + 1)* + (1)?]
ory = (1/3)e™*sin2x + (1/3)e *sinxory = (1/3)e *(sinx + sin2x)

Problem: Using Laplace transforms, find the solution of the initial value problem
y'" +9y =9 u(t— 3),y(0) =y'(0) =0 where u(t — 3) is the unit step functions.
Solution. y"' + 9y = 9 u(t — 3)...(1)
Taking Laplace transform of (1), we have

s?y — sy(0) —y'(0) + 9y = 9e™*%/s... (2)
Putting the value of y(0) = 0 and y'(0) = 0 in (2), we get

s’y + 9y = 9e7>%/s

(s> +9)y =9e™3/s

§=9e/[s(s* + 9]

y = L™ [9e73/s(s* + 9)]

L[3/(s*+ 9)] = sin3t

3L7Y[3/s(s? + 9)] = 3/ ,'sin3tdt

= —[cos3t]," = 1 — cos3t

y = L7[9e7*/s(s* + 9)]

y = [1 — cos3(t — 3)]u(t — 3)



Solution of Simultaneous Differential Equations by Laplace Transforms:
Problem: Using Laplace transform, solve the simultaneous diff. eqn.
(D-2)x—(D+1)y =6e*
(2D -3)x—(D-3)y = 6e™
givenwhent=0,x=3,&y=0.
Solution: Taking Laplace transform of given equation, we get
LDXx—2Lx—LDy—Ly =6Le*
2LDx—3Lx+ LDy —3Ly =6Le™

_sx x(0)—2Xx—-sy+y(0)-y = 6i
- -3
2sX —2X(0) —3X + sy + y(0) — 3y—i3
i = _ 6
(s—2)x—(s+1)y—3_—
N -3
(25 )X +(s-3)y-— 6_%
_(5—2)7—(s+1)7——
=
(23 X+ (s— 3)y—68 12
[(5=3)(s—2)X—(s—3)(s+1)y =35-3
- (s+1)(2s—3)x+(s+1)(s—3)y=%

On adding we get

6(s*—s—2)

(3s* —6s+3)X =3(s—1) +
s—3

_ 3(s-)) . 6(s*—s—2)

=X=
3(s-1)° 3(s-1*(s-3)
_{ 1 2 2 }
=L + +
(s=1) (s-1)° (s-3)
=g' +2te' + 28

Putting the value of x in (1) we get



(D-2)(e" + 2te' +2*)— (D +1)y = 6™
=e' +2te' +2e' + 6™ — 2e' —4te' —4e* — (D +1)y =6e™
= (D+1)y=¢'—2te' —4e*

Taking Laplace transform, we get

2 4

YOV =Ty s T 5oy

1 2 4
+ +

(s-1) (s-1)* (s-3)

1 B 2 B 4
=1 (s+D(s-1)* (s+1(s-3)

1 1

_ 1 2 L2 1

2 -1 (s+1) (s-1) (s-1)
1 1

= (s+)y=

=>V=

1 2 2 1 1 1
+ + - + -
s?—1 (s+1) (s-1) (s-1* (s+1) (s-3)

_[111 1 1 1 1}
y = +

y

+_ —_ — —_
s -1 2(s+1) 2(s-1) (s-D* (s-3)
y=Sinht+1e’t+1et—e‘°"—tet
2 2

so y =Sinht+Cosht—e"™ —te'

Problem: Solve dx/dt+y =0 and dy/dt — x = Ounder the condition x(0) =
1,y(0) = 0.

Solution. x"+y =0...(1)
y —x=0...(2)
Taking the Laplace transform of (1) and (2) we get
[sx —x(0)]+y=0...(3)
[sy —y(0)] —x=0...(4)
On substituting the values of x(0) and y(0) in (3) and (4) we get
sk—1+y=0...(5)
sy —x=0...(6)
Solving (5) and (6) for x and ¥ we get



x=s/(s*+1),y=1/(s*+1)
On inversion, we obtain
x=L"s/(s*+ 1)],y =L 1/(s* + 1)]

X = cost,y = sint

Problem: Using Laplace transforms, solve the differential equations
D+1Dy;+ (D -1y, =e¢"
D+2)y;:+(D+ 1Dy, =¢€'
where D = d/dt and y;(0) =1,y,(0) = 0.
Solution. D + 1)y; + (D — 1Dy, =e™"..(1)
D+2)y:+(D+ Dy, =¢€"..(2)
Multiply (1) by (D + 1) and (2) by (D — 1) we get
(D + 12y, + (D> =Dy, = (D + 1e™"..(3)
(D—-1)(D+ 2)y; + (D* — 1)y, = (D —1)e"...(4)
Subtracting (4) from (3) we get
(D®?+2D+1—-D*—-D+ 2y, =(—e"'+e™)—(e'—¢eY
or(D+3)y; =0 or Dy;+3y;=0
Taking Laplace transforms we have
sy1 —y1(0) + 3y, =0
(s+3)y:=1 or y;,=1/(s+3)
yp =e"

Laplace Transformation

y=—%L1/(s —1)] + %L Ys/(s®* + 1)] — L1/(s* + 1)]
+ L™ s/(s* + 1)*]y = —Y%e" + Yacost — Yssint + Yitsint
y = ¥[—e" — sint + cost + tsint]
Problem: Using the Laplace transforms, solve the initial value problem

yi' =y1+3y2
y2” = 4‘Y1 - 4et



Y1(0) = 2; Y1’(0) = 3; YZ(O) = 1; YZ’(O) = 2
Solution: ylll =Vi + 3}’2 . (1)

y2'' = 4y, — 4e'... (2)

Taking the Laplace transform of (1) and (2):

5?71 — sy1(0) —y1'(0) = y1 + 372... (3)

5?72 — sy2(0) —y2'(0) = 4y, — 4/(s — 1)...(4)
Putting the value of y,(0),y;'(0),y2(0),y,'(0) in (3) and (4), we get:
s?y1 —2s—3 =y, + 3y,
or (s*—1)y;—3y,=2s+3...(5)
Sy, —s—2=4y;, —4/(s—1)

or 4y, — sy, =4/(s—1) —s—2...(6)
On solving (5) and (6), we get:
y1=[(2s = 3)(s* + 3)(s + 2)]/[(s — D(s* + 3)(s* — 4)]
=(2s=-3)/[-D-2)]=1/s-1)+1/(s—2)
y1 = e'+ e*
72 = [(s +2)(s* + 3)]/[(s* + 3)(s* — 4)]
=1/(s-2)

=y, = e’



Unit-lll

Tutorial Sheet

Fourier Series

1.

1A

Find a Fourier series to represent f(x) = m — x for 0 < x < 2.

Ans. 2 [sinx+%sin2x+§sin3x+ +%sinnx+ ]

Find a Fourier series to represent x — x% from x = — to 1 and show that:
2 1 1 1 1

—_— - — ——+.
12 12 22 32 42

Ans.— & + 4 [cosx c0522x n cosz3x cos 4x 4. ] +92 [smx sin 2x n sin 3x _
2 3 2 3

sin 4x ]
4

Find a Fourier series to represent: f(x) = xsinx, for 0 < x < 2.

CcoSs 2 cos 3 cos 4
AnNS. —1+T[Slr1X——COSX+2[ X+ > ~+ > 4 ]
321 421

Find a Fourier series to represent the function f(x) = e*, for -t < x < mand
hence derive a series for

sinh '
2sinhm[/1 1 1 1
Ans. [( ) +
1 2 12+1 22+1 32
in i i . —1+2——+———+
1241 2241 3241 ]’ sinh T

Find the Fourier series of the function:
1 for —m<x<0
fGx) = { for0<x<m

Ans.i[—smx+—51n3x+lsin5x+lsin7x+---]
Ll 3 5 7

where f(x + 21) = f(x).

—E for —m<x<0

Find the Fourier series for the function: f(x) =1{ ,
" for0<x<m

and f(—m) = f(0) = f(m) = 0, f(x) = f(x + 2m) for all x.

Deduce that:
_ 1 1+1 1+ A sinx+sin3x+sin5x+sin7x
- T3T577 ns- 3 5 7

0 for —m<x<0

T
Find the Fourier series of the function: f(x) = {1  for0 <x <7

0 for%SxSn

Obtain a Fourier series to represent the following periodic function:



f(x) =0 when0<x<m
f(x) =1 whenmt<x<2m
Ans. 2 —E(Sinx +1sin3x+2sin5x+ )
2 T 3 5
9. Find the Fourier expansion of the function defined in a single period by the

relations: f(x) = {% f£2r1-?<<xx<<;[

and from it deduce that = = 1 — 1 + 1.1 + .-
4 3 5 7

Ans. E—E(Sinx+lsin3x+lsin5x+ )
2 TC 3 5
10. Find a Fourier series to represent the function
0 for —m<x<0
f(x) =41
4
2
and hence deduce that = = — + = + — 4 ...
8 1 3 5

X for0<x<m

n

n? o [C=Dn-1 _ =D
AnS.E+Zn:1[ cosnx L sinnx+ ]

4n2

11. Find the Fourier series for f(x), if:f(x) = -t for —m<x<0
=x for0<x<m

=—— forx=0
2
2
Deduce that = + — + — + -+ = =
12 32 52 8
Ans'_E_E(COSX"' C0523X+ Coszsx‘l‘ ) +3sinXx—+sin2x+>sin3x —
4 T 3 5 2 3

1 .
Zsm4x+

12. Obtain a Fourier series to represent the function: f(x) = |x| for — <
X<T

2
and hence deduce = = = + — + — + ---
8 1 3 5
Ans. E—i[cosx +%c053x+%c055x + ]
2 T 3 5
13. Expand as a Fourier series, the function f(x)defined as

T
(n+x for — m<x< ——

2
f(x) = T fi 1T< <1T
X) = 2 or 2 X 2
T
mT—X for§<x<n
A 3“+2[1 2 052X+ cos3x 4
ns. 8 - 12COSX 22COS X 2COS X

14. Obtain a Fourier series to represent the function



f(x) =|sinx| for —m<x<m

[Hint ) = {7 Sinx for —m <x < 0]

sin x for0<x<m
1
ns. ———[3c052x+—cos4x+£cos6x+ ]

15. An alternating current after passing through a rectifier has the form
i=Isinf for0<O<m
=0 form<0O<2m

16. Find the Fourier series of the function.

A [ 21<c0526+cos46+ )+I in©
ns.1T - 3 1c 2sm

17. If f(x) = 0for -t <x< 0and =sinx for0 <x<T

sinx Z COS 2mx
m=1 gmz_1"

Prove that f(x) = - +

Henceshowthat———+—— - 00 =—(T[—2)
. 3.5 5.7 4

18. Find the Fourier cosine series for the function

0
1 for0<x<§

f(x) = -
0 fOI‘E<X<T[

A 1+2[ - 3 +1 5
ns. 5+ —|COSX —Cos3Xx + - Cos5X

19.Find a series of cosine of multiples of x which will represent f(x) in

(0, r)where fx) =0 for0<x< g

f()—TT fi 1T< <
X—2 OI‘2 X TC

1 1 1 L
Deducethatl—§+§—;+---oo:Z
T 1
Ans. Z—cosx+§c053x—gc055x+---

20. Express f(x) = xas a sin series in 0 < x < .
1 1
Ans. 2 [sinx—zsin2X+§sin3x— ]

21.Find the cosine series for f(x) = 1 — xin the interval 0 < x < Tt.



™ 4
Ans. — + —(cosx =+
2 T

cos3x cos5x
22.1Ff(x) =x, for0<x<Z
s
=T —X, for5<x<n
(i — *leinx — Lai 1 — ..
Showthat.(l)f(x)—n(smx 32sm3x+5251n5x )
.. T 2(1 1 1
(ll)f(X)—Z—;(l—ZCOSZX+3—2COS6X+5—2C0510X+"')

23. Obtain the half-range cosine series for f(x) = x2in 0 < x < .

™ 4 1 1
Ans. ?—E(cosx—2—2c052x+§cos3x— )

24.Find (i) sine series and (ii) cosine series for the function

f(x) =e* for0<x<T
A zi 1—(=1D"e™] -1 25:1—(—1)%“
ns. (1) - 1n 711 sinnx (i1) - cosnx
n=

T n?+1
25.1f f(x) =x+ 1, for 0 < x <, find its Fourier (i) sine series (ii) cosine

n=1

series. Hence deduce that
1 1 1 T 1 1 1 2

(1)1—§+§—;+"'=Z (11)1+—+¥+—+ E

.2 . T . T
Ans. (i) - (T[+2)smx—zsm2x+§(1'[+2)sm3x—Zsm4x+---]

cos3xX cos5x
26. Find the Fourier series expansion of the function

T
(11) E+1—4(cosx+

f(x) = cos(sx), —-m<x<m
20 20

82 —m2 + 82 —4m?

where s is a fraction. Hence, show that cot = = +

sintts 1 /sin(sm + nm) sin(sn — nm)
Ans. + cosnx

TTS TC S+n S—n

27.Find the Fourier series to represent f(x), where
fx)=—a —c<x<0
=a 0<x<c
4a[ mx 1  3mx 1 5mx

Ans. — |sin— 4+ —sin—— 4+ —=sin——+ ---
m c 3 C 5 C



28. Express f(x) = x as a cosine, half range series in 0 < x < 2.

Ans. 1_F

8[1 mx 1 3tx 1
12 2 32 2 52

29. Find the Fourier series of the function

4 8

m™ T2

X 21X 4 8
Ans. —+ —sin—— —sin— + (———)

4

2 for —4<x< -2
for —2<x<?2
for2 <x<4

f(x) = { X
2

2
4 32 4

T 31

30. Find the Fourier series to represent

f(x) =x?2—2 from —2<x<2.

31X
sin— — —sin——+-

51tx

—COS— + —C0S— + —CcoS—— + -

2

2
2T

4mx
4

2 16

A
ns. 3

Laplace Transforms

Find Laplace transform of:

1.tsinat

2(%) 1 - e

s (- e

4, f(t) =t—1(1 < t < 2), 0 otherwise
5.etu(t—1)

6. t>u(t—2)

7.sintu(t—4)

8.f(t) = K(t—2)[U(t—2) — U(t— 3)]
9. [" et 8(t — 4)dt
10. [” sin2t8(t — m/4)dt
1. [7

e 3§ (t— 2)dt

X
22

1 1 31X

- —— cos——Zcosnx+—cos— .

9 2

2as
"(s2+a2)?’

s—1
Ans. log[ ]

Ans

At (69— o595~ (6299
Ans.e(=6-1) /(s — 1)
Ans. (€29 /5%) (452 + 45 + 2)
Ans. (€4 /(5% + 1)) [cos4 + ssind]
Ans. (K/sH)[e29) — (s + 1)e(=39)]

Ans.e 12,

Ans.1

Ans. 3e("®)



12. 8(t—4)/t Ans.e(™%s) /4

13. eC-49§(t — 3) Ans, e(-3G6+9)
14.f(t) = e* for 0<t<2m. Ans. (e2379™ — 1) /[(1 — s)(1 — e™2™)]
15. Full wave rectified sin wave: f(t) = sinwt <t<m/w)

Ans. (w/(s* + w?))coth(ms/2w)
16. Staircase function: f(t) = kn, np <t < (n+ 1)p Ans.ke(®s) /[s(1 — e7P9)]
17f(0) =13, 0<t<2, f(t+2)=f(t)

Ans. (2 — e725 — 4se725 — 45%e725) /[s3(1 — e 25)]

_( t,0<t<c 2

18. f(t) = {ZC “toc<t<2e Ans. (1/s*)tanh(cs/2)
_( coswt, 0<t<m/w

19.£() = {0 , m/w<t<2m/w

Ans. (s/(s* + w®))(1 — e7™/@)

Find the inverse Laplace transform of:

1.s/(s+5) Ans. —5e(™59 41

2.2s/(3s+ 6) Ans. (2/3)[—2e2Y + 1]
3s/(2s2 - 1) Ans. (1/2)cosh(t/V2)

4.s%/(s* +a%) Ans. —asinat + 1

5. (s*+4)/(s*+9) Ans. —(5/3)sin3t + 1
6.[s%/(s® + 4)?] Ans. (1/4)sin2t + (t/2)cos2t
7.1/[2s(s — 3)] Ans. (1/2)[e®Y/3 —1]

8.1/[s(s + 2)] Ans.(1—e29)/2

9. 1/[s(s* — 16)] Ans. (1/16)[cosh4t — 1]

10. 1/[s(s* + a?)] Ans. (1 — cosat)/a®

11. (s®* + 2)/[s(s* + 4)] Ans. cos®t

12. (s +8)/(s® + 4s + 5) Ans. (=29 (cost + 6sint)
13.s/[(s + 3)? + 4] Ans. (=39 (cos2t — 1.5sin2t)
14.s/(s + 7)* Ans.eC79(t2/6)(3 — 7t)

15. (s + 2)/(s* — 25— 8) Ans. e'(cosh3t + sinh3t)



16. s/(s* + 6s + 25)

17.1/[2(s — 1)? + 32]

18. (s — 4)/[4(s — 3)% + 16]

19. [seC5/2) 4+ eC9] /(5% + ?)
20. e /(s + 2)3

21. e(729) /[(s + 1)(s? + 25 + 2)]
22. e /(s + 1)

23. [eTTS/D) 4 e(Z3TS/2)] /(52 + 1)
24, e(4) (s 4+ 2) /(s> + 4s + 5)
25. e(~as) /g2

26.eC°™) /(s 4+ 1)

27.log(1 + w?/s?)

28.log(1 + 1/s?)

29.s/(1 +s*+s%

30.(s + 1) /(s* + 6s + 13)?
31.s/(s? + a?)?

32. slog[s/V(s® + 1)] + cot™'s
33. (1/2)log[(s* + b*) /(s — a)?]
34.tan"* (s + 1)

35.(s*+2s+6)/s®
36.1/(s*—7s+ 12)

37. (s +2)/(s*— 4s + 13)
38.(3s+ 1)/[(s — D(s*+ 1)]

39.(11s* — 2s +5)/(2s®* — 3s* — 3s + 2)
40.2s* — 65+ 5)/[(s—1)(s — 2)(s — 3)]

41. (s —4)/[(s —4)*+9]
42.16/(s* + 2s + 5)?
43.1/[(s + 1)(s* + 2s + 2)]
44.1/[(s — 2)(s* + 1)]
46.s%/(s* + a%)?

47.1/(s? + 1)°

Ans. e(=39[cos4t — (3/4)sin4t]
Ans. (e'/8)sin4t
Ans. (1/4)eBYcos2t — (1/8)e(Ysin2t
Ans.[U(t—1/2) — U(t — 1)]sinmt
Ans. eC(2)[(t — 2)?/2]U(t — 2)
Ans. e(ED)[1 — cos(t — 2)]U(t — 2)
Ans. e(=ED) /V(m(t — 1)Ut — 1)
Ans. cot[U(t — 3m/2) — U(t — t/2)]
Ans. e(=2t=9) cos(t — 4)U(t — 4)
Ans.f(t) =t—a whent > a;0 whent< a
Ans. —sintu(t — )
Ans. —(2/t)coswt + 2
Ans. (2/t)[1 — cost]
Ans. (2/v/3)sin(v/3t/2)sinh(t/2)
Ans. (e(=39/8)[2tsin2t + 2tcos2t — sin2t]
Ans. (tsinat) /2a
Ans. (1 — cost)/t?
Ans. (e®@ — cosbt)/t
Ans. —(1/t)eDsint
Ans. 1+ 2t + 3t?
Ans.e*t — et
Ans. e**cos3t + (4/3)e*'sin3t
Ans. e' — 2cost + sint
Ans.2e™" + 5e** — (3/2)e'/?
Ans. (1/2)e — e*' + (5/2)e"
Ans. e*'cos3t
Ans. e”*(sin2t — 2tcos2t)
Ans.e (1 — cost)
Ans. (1/5)e** — (1/5)cost — (2/5)sint
Ans. (1/2)tcosat + (1/2a)sinat
Ans. (1/8)[(3 — t?)sint — 3tcost]



Solving the following differential equations using Laplace transform:

1. d%y/dx* +y = 0, wherey = landdy/dx = —1 at x=0.
Ans.y = cosx — sinx
2.d%y/dx* — 4y = 0,where y=0andd y/dx=—-6 at x=0.
Ans.y = —(3/2)e* + (3/2)e™
3. d*y/dx?® + y = 0, wherey = 1,dy/dx = latx = 0.

Ans.y = sinx + cosx
4, d*y/dx* + 2dy/dx + 5y = 0, wherey = 2,dy/dx = —4atx = 0.
Ans.y = e™*(2cos2x — sin2x)
5.d%/dx? + 2d?y/dx* — dy/dx — 2y = 0,given y = 0, dy/dx = 0,d*y/dx* = 6at x =
0. Ans.y = e* — 3e™* + 2e7%¥
6.d%y/dx* +y = 3cos2x, wherey = dy/dx = Oatx = 0.
Ans.y = cosx — cos2x
7.d%y/dx* + dy/dx — 2y = 1 — 2x, giveny = 0,dy/dx = 4atx = 0.
Ans.y = e*— e +x
8. d%y/dx? — 3dy/dx + 2y = 4e**, giveny = —3,anddy/dx = 5atx = 0.
Ans.y = —7¢e* + 4e** + 4xe**
9. d%y/dx* — 3dy/dx + 2y = 4x + e**, wherey = 1,dy/dx = —latx = 0.
Ans.y = 3 + 2x + (1/2)e3* — 2e** — (1/2)e*
10. d3y/dx® + 2d%y/dx* — dy/dx — 2y = 0,wherey = 1,dy/dx = 2, d%y/dx* = 2 atx =
0. Ans.(5/3)e* —e™ + (1/3)e™**
11. (D? — D — 2)x = 20sin2t, xo = —1, x; = 2.
Ans.x = 2e*" — 4e™" + cos2t — 3sin2t
12. (D®* + D¥)x = 6t* + 4,x(0) = 0,x'(0) = 2,x"(0) = 0
Ans.x = (1/2)t* — 263 + 8t — 16t + 16 — 16e™
13. d®x/dt* — 2dx/dt + x = e', where x(0) = 2, dx/dt = —1 at t = 0.
Ans.x = 2e* — 3te' + (1/2)t%e"
14. (D% + n®)x = asin(nt + «)where x=Dx =0 at t=0.
Ans. x = a,cosa(sinnt — nt cosnt) + (a sin2a/2n)(t sinnt)
15.y" + 2y +y=te™" ify(0)=1,y(0)=-2. Ans.y=(1—-t+t3/6)e™"
16.d*y/dx* + y = xcos2x,where y = dy/dx = 0 atx = 0.
Ans. y = (4/9)sin2x — (5/9)sinx — (1/3)xcos2x
17. d3y/dx® — 3d%y/dx* + 3dy/dx — y = x*e**, wherey = 1,dy/dx = 0,d%y/dx* =
-2 atx=0. Ans.y = e**(x* — 6x + 12) — e*(15x* + 7x + 11)
18.y"" + 4y’ + 3y = t,t > 0; given that y(0) = 0 and y'(0) = 1.
Ans.y = —4/9+t/6+ et — (5/9)e”"



19.y" + 2y = r(t),y(0) = 0,y'(0) = Owhere r(t)=0,t>1;1,0<t< 1.
Ans.y = 1/2 — (1/2)cosV2t
20. d%y/dx* + y = u(t — m) — u(t — 2m), y(0) = y'(0) = 0.
Ans.y = (1 + cost)u(t — m) — (1 — cost)u(t — 2m)

Solving the following simultaneous differential equations using Laplace transform:
1.dx/dt+ 4y =0,dy/dt—9x = 0.Given x=2 and y=1 at t=0.

2
Ans.x = —gsin6t + 2cos6t, y = cos6t + 3sin6t

2. 4(dy/dt) + (dx/dt) + 3y = 0, 3(dx/dt) + 2x + (dy/dt) = 1 under the condition x =
y=0at t=0.

Ans.x = % — %e-t - 1ioe—(G/ll)t ) y = %e—t _ %e—(6/11)t
3.dx/dt+ 5x — 2y = t,dy/dt + 2x + y = 0 being givenx =y = 0 whent = 0.
Ans.x = _—1(1 +6t)e”> + i(1 +3t), y= _—2(2 + 3t)e3t — z + il
27 27 27 9 27

4.dx/dt +y = sint,dy/dt + x = cost
given that x =2,and y=0 when t=0. Ans.x=e"'+e "y =e™" —e"+sint
5. The small oscillations of a certain system with two degrees of freedom are given by the equations:
D?x+3x—2y =0, D2x + D%y —3x+ 5y =0,ifx=0,y = 0,Dx = 3,
Dy=2 when t=0.

Ans.x = _Tllsint + 1—1251n3t, y = %sint — %sin3t.
6. 3(dx/dt) + 3(dy/dt) + 5x = 25 cost,

2(dx/dt) — 3(dy/dt) = 5sint  with x(0) = 2,y (0) = 3.

Ans.x = 2cost + 3sint, y = 3cost + 2sin2t.



